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Abstract. We study a moving boundary value problem consisting of a viscous 
incompressible fluid moving and interacting with a nonlinear elastic solid shell. 
The fluid motion is governed by the Navier-Stokes equations, while the shell is 
modeled by the nonlinear Koiter shell model, consisting of both bending and 
membrane tractions. The fluid is coupled to the solid shell through continuity 
of displacements and tractions (stresses) along the moving material interface. 
We prove existence and uniqueness of solutions in Sobolev spaces. 

1. Introduction 

1.1. The problem statement and background. Fluid-solid interaction prob- 
lems involving moving material interfaces have been the focus of active research 
since the nineties. The first problem solved in this area was for the case of a rigid 
body moving in a viscous fluid (see [11], [18] and also the early works of f22| and 
[3l] for a rigid body moving in a Stokes flow in the full space) . The case of an elastic 
body moving in a viscous fluid was considerably more challenging because of some 
apparent regularity incompatibilities between the parabolic fluid phase and the hy- 
perbolic solid phase. The first existence results in this area were for regularized 
elasticity laws, such as in [12] for a finite number of elastic modes, or in [2], [4j, and 
[3] for hyperviscous elasticity laws, or in 20J in which a phase-field regularization 
"fattens" the sharp interface via a diffuse-interface model. 

The treatment of classical elasticity laws for the solid phase, without any regu- 
larizing term, was only considered recently in [9J for the three-dimensional linear 
St. Venant-Kirchhoff constitutive law and in lOj for quasilinear elastodynamics 
coupled to the Navier-Stokes equations. Some of the basic new ideas introduced in 
those works concerned a functional framework that scales in a hyperbolic fashion 
(and is therefore driven by the solid phase), the introduction of approximate prob- 
lems either penalized with respect to the divergence-free constraint in the moving 
fluid domain, or smoothed by an appropriate parabolic artificial viscosity in the 
solid phase (chosen in an asymptotically convergent and consistent fashion), and 
the tracking of the motion of the interface by difference quotients techniques. 

The complimentary fluid-solid interaction problem, studied herein, consists of the 
motion of a viscous incompressible fluid enclosed by a moving thin nonlinear elastic 
solid shell. Our companion paper [S] treats the case of a viscous incompressible 
fluid enclosed by a moving thin nonlinear elastic fluid shell. This is a moving 
boundary problem that models the motion of a viscous incompressible Newtonian 
fluid inside of a deformable elastic structure. The main mathematical differences 
with respect to the previous problem of a deformable solid body moving inside of 
the fluid is that the shell encloses the fluid and is mathematically the boundary 
of the fluid. The shell model consists of "elliptic" operators which do not provide 
the expected regurality associated with the highest order operator coming from 
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the shell's bending energy, and, in particular, ellipticity holds only for short time. 
The only cases considered until now consisted of regularized problems, wherein the 
elliptic degeneracy occurs along a fixed direction, such as in |14j or [4] . 

We are concerned here with establishing the existence and uniqueness of so- 
lutions to the time-dependent incompressible Navier-Stokes equations interacting 
with a quasilinear elastic solid shell of Koiter type (see ^ for a detailed account of 
Koiter shells) . The solid shell energy is a nonlinear function of the first and second 
fundamental forms of the moving boundary. 

Let 51 C M" denote an open bounded domain with boundary F :— dil. For 
each t e (0,r], we wish to find the domain il{t), a divergence-free velocity field 
u(t, •), a pressure function p(t, •) on Q{t), and a volume-preserving transformation 
rilt, ■) -.n^W such that 









(l.la) 


Vt{t,x) 


= u{t,ri{t,x)) , 




(1.1b) 


Ut + V„u — i>lS.u 


= -Vp + / 


in n{t) , 


(1.1c) 


div u 


= 


in n{t) , 


(l.ld) 


[v Def u — pld)n 


— ^shell 


on T{t), 


(Lie) 


m(0, x) 


= uoix) 


yxen, 


(l.lf) 


r;(0,x) 


= X 


Wxefi, 


(1-lg) 



where v is the kinematic viscosity, n{t, •) is the outward pointing unit normal to F(i), 
F(<) :— dfl{t) denotes the boundary of ^(t), Def u is twice the rate of deformation 
tensor of u, given in coordinates by u^j+u'^^, where u^j denotes and tsheii is the 
traction imparted onto the fluid by the elastic solid shell, which we describe next. 

With e denoting the thickness of the Koiter shell, A/2 and /j,/2 the Lame con- 
stants, the energy stored in the elastic surface has the form 

where the membrane energy -Emem is 

^a°'^'^\gai3 - goaf3)ig'yS - goys)dSo (1.2) 
and the bending energy Eben is 

Eben = NAa"^T^(&„0 _ bo^^)(^b^s _ bo^s)dSo , (1.3) 

where 

9af3 — V,a ■ V,P denote the induced metric on F(i), 



r 



We let 
and 



bap = 'ri,af3 ■ n denotes the second fundamental form. 
go and bo denote the induced metric and second fundamental form of the unstressed 
initial configuration at t — 0. 
The traction vector 

^shell — ^^mern ~(~ ^ ^ben 
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is computed from the first variation of the energy function E shell , and will be stated 
in Section [21 

In this paper, we will prove well-posedness for this system in the case that the 
fluid is two-dimensional and the solid shell is its one-dimensional closed boundary. 



2. Formulation of the problem 

2.1. Fundamental geometric identities. We use (•)' to denote the derivative 
of (•) along the boundary, and we use Sr] to denote the first variation of 77. The 
following formulas will be used often: 

5n = -\ri'\-^{n-dr^'y , (2.1a) 

n' = -\j^'\-'^{'n" -n)!^' = -g-^'%T, (2.1b) 
n" ^ 3|77'r^(7;" • ?7')(r7" • 71)7^' - \'n'\-^{'n"' ■ n)r]' - \T]'\-^{r]" ■ n)r]" 
= -WI'^V" ■ nfn + ■ 7j'){r," ■ n)r{ - ^^^(ry" • n)'ri 



r/' = (77" • n)n + jry'l (r/' • rf^T — bn + 



where g = Ijy'P, t = g ^/"^rj' ^ and b = -q" ■ ' 



2V5 



(2.1c) 
(2.1d) 



2.2. The shell traction. The bending energy (|1.3p and membrane energy (|1.2 
are expressed as 



\i^'^\-\b-boYdS^, E„ 



v'or'ig-gordSo. 



Computing the first variation of the bending energy, we find that the bending 
traction Ct is given by 



Ctiv)=2 W,\-%b~b„)n + W,\ 



J |-3„-l„' 



(6 - 60)" 



where, once again, bo ~ g'^ ■ no is the second fundamental form of the unstressed 
initial boundary. 

Taking the variation of Emem we find the membrane traction £,„ is 



/:™(^) = -4 \v'o\-\\ri'V-\ri'oV)l' 



2.3. Lagrangian formulation. Let ri{t,x) = x + J^u{s,x)ds denote the La- 
grangian particle placement field, a volume-preserving embedding of Q onto Cl(t) C 
R^, and denote the inverse matrix of W'i]{x,t) by 



a{x,t) = [^g{x,t)]-\ 



(2.2) 



Let V ^ u o g denote the Lagrangian or material velocity field, q ^ p o g the La- 
grangian pressure function, and F = fog the forcing function in the material frame. 
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The coupled fluid-structure problem has the following Lagrangian description: 



V = r]t 



11(0, x) — Uq{x) 

r] — Id 



in(0,T)xrj, (2.3a) 

in(0,T)xrj, (2.3b) 

in(0,T)xrj, (2.3c) 

on(0,T)xr, (2.3d) 

on{t = Q}xn, (2.3e) 

on {t = 0} xfl. (2.3f) 



3. Notation and conventions 

For T > 0, we set 

V\T) = {i. e 2.2(0, T; if 2 (f])) I Vt e L2(0, T; ^^(r!))} ; 
V^iT) = e L2(0,T;i/3(f^)) I „^ e L^{Q,T-H\n))^ ; 
V'^XT) = {w e L2(0,T;ij'^(f7)) wt e V'="2(r)J forfc>4 



with norms 



Vi(T) 



^llL2(0,T;ffi(n)) + ll^tllL2(0,T;ffi(O)') ; 



ll''^llv2(T) = ll'^llL2(o,T;ff2(n)) + ll'^t|lL2(o,T;L2(n)) ; 

lkllv3(T) = ll"llL2(0,T;ff3(O)) + ll"«llL2(0,T;ffi(O)) ^ 

ll'^llv'=(T) — \\^\\\'^(o.T;H''(Q.)) + lkt|lv''-2(T) for /c > 4 . 
We then introduce the space (of "divergence free" vector fields) 

V„ = { w e i?^ {9) a{ {t)w]j = V i e [0, T] } 

and 

V„(T) = G L2(0,r;i7i(17)) I a|(t)u;V =OVt e [0,r]}, 



where the matrix a is defined by (|2.2p . Let 71(77) = (—7^2, ?7i)/l^'l denote the outward 
unit normal to V{t) at the point rj{x,t). We define the space as 



E:, = [ceH\r) I c"-nei?^-i(r),c'-77'ei?''"'(r)}, 



with 



I1CII|= = [llC"-«lll,.-i(r) + llC'-^'lPff=-i(r)J 
When then set 

E^^{T) ^ [at) e E:, ta.e.\ |!C(s)|||.ds < 00} 



with norm 



IICI'^ 



\\Cis)\\%ds. 
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4. The main theorem 

Theorem 4.1. Let v > Q he given, and 

F e L^{0, T; H^{n)) n L°°{0, T; H\n)),Ft G L^{0, T; L^{n)), F(0) G H\n). 

Assume that T is of class H^'^ and that the initial data uq G H^{fl) with divuo = 0. 
Then there exists T > depending on uq and F such that there exists a solution 
V G V^(T) of problem (K^ with b G L^{0,T; H^ '^iT)) and g G L'^{0,T; H^-^{T)). 
Moreover, if the initial data has the regularity uq G H'^{n), then the solution v G 
L^{0,T;V^{n)) IS unique. 



5. Preliminary results 

5.1. Pressure as a Lagrange multiplier. In the following discussion, we use 
i/i'2(f];r) to denote the space H^(Cl) n H^(T) with norm 

ll"llHi;2(j7:r) = II^IIhi(o) + ll"llH2(r) 
and V.y (Vc(T)) to denote the space 

Lemma 5.1. For all p G L^(il), t G [0,r], there exists a constant C > and 
4> G H^''^{n;T) such that al{t)(j)i^ and 

HWm-.^in-T) <C\\p\\L2(n)- (5-1) 

Proof. We solve the following problem on the time-dependent domain Q{t): 

div(0o77(t)"i) =po?7(t)~i in T]{t,n) := n(t). 

The solution to this problem can be written as the sum of the solutions to the 
following two problems 

div(0o77(t)-i) = po77(t)-i in ri{t,n), (5.2) 

div(0o77(t)-i) = in r]{t,n), (5.3) 

where p{t) — —— j p{t, x)dx. The existence of the solution to problem (|5.2p with 
1^1 Jn 

zero boundary condition is standard (see, for example, [15| Chapter 3), and the 
solution to problem (j5.3p can be chosen as a linear function (linear in x) , for 
example, p{t)xi. The estimate (|5.ip follows from the estimates of the solutions to 
(15:211. □ 



Define the hnear functional on iJ^'^(fi; F) by (p, al{t)ip^^)[^2^^^^ where (^c G H^'"^ {Vl;T) . 
By the Riesz representation theorem, there is a bounded linear operator Q{t) : 
L^{n) H^-'^{n; F) such that for all ip G H^'^^ifl] F), 

(p,a^(t)(^j)L2(f2) = (Q(t)p, <^)Hi;2(n;r) iQ{t)p,v)H^a) + {Q{t)p,'P)H2{r)- 
Letting ip — Q{t)p shows that 

\\Q{t)p\\H^-''(n;r) < C'l|p||L2(n) 
for some constant C > 0. By Lemma [5Tl 

Iblli2(n) < \\Q{t)p\\H^--^n;r)y\\H^--^n;r) < C\\Q{t)p\\Hi:2(n;r)\\p\\L2(n) 
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which shows that R{Q{t)) is closed in H^'''^{n]T). Since %{t) C R{Q{t))-^ and 
R{Q{t))-^ C it follows that 

H'-'^in; T){t) = R{Q{t)) ®Hi.2(0;r) V„(i). (5.4) 

We can now introduce our Lagrange multiplier 

Lemma 5.2. Let C{t) e H'^'^{n;T)' be such that C{t)ip = for any ip € Vvit). Then 
there exist a unique q{t) G L^{Vl), which is termed the pressure function, satisfying 

V ^ e H^-'^{n-T), C{t)iif) = iqit),ai{t)ipl^)L^n)- 

Moreover, there is a C > (which does not depend on t ^ [0,T] o,nd e and on the 
choice of V & Ct{M)) such that 

h{t)\\L^{n) < C||^(i)llHi;2(0;r)'- 

Proof. By the decomposition (|5.4p . for given a, let tp — vi + V2, where vi G Vv(t) 
and V2 € R{Q{t). It follows that 

C{t){(p) = C{t){v2) (V'(i),i'2)ifi;2(n;r) = (V'(^),'y')ffi:2(f2;r) 
for a unique G R{Q{t)). 

^From the definition of Q{t) we then get the existence of a unique q{t) G L'^{Q) 
such that 

The estimate stated in the lemma is then a simple consequence of (15. ip . □ 
5.2. A polynomial-type inequality. 

Lemma 5.3. Suppose that x[t) is continuous in [0,r], and there are Ci, C'2 and 
S € (0, 1) so that 

x{t) <Ci + C2t^V{x{t)) V i G [0, T] , 

where V is a polynomial. Then there Ti ( depending only on Ci and C2 ) such that 

x(t)<2Ci ViG[0,Ti]. 

Proof. We can assume that 'P{x) can be factored as xQ{x) since the constant part 
can be collected into Ci. Therefore, we have 

x{t) <Ci+ C2t^x{t)Q{x{t)), t G [0,T] 

and hence 

x{t)\l-C2t^Q{x{t))] <Ci, tG[0,r]. 
Let Ti > so that C2TfQ{2Ci) < 1/2, then 

^x{t)<Cu tG[0,ri]. 

□ 
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6. Regularized and linearized problem 
Given 5 e V^{T) with the associated g, b in L'^{0, T; H'^-^{T)), set F = fo-q and 



£(,(77) = 2 |%| ^{r]"-n-bo)n + \t]'„\ '^g ' g [f]" ■ h - bo)n 



and 



with n(?7) = {-■fi'2,v'i)/W\- 

The solution u of (|2.3p is found via a hmit as k — > of the fixed-point of the 
map V t-^ Vfi, where is the solution of the linearized and ^-regularized problem: 



= T]^t in (0,T) xn, (6.1a) 

v4 - v{h\a\v,\^)^, = - + P in (0, T) x 1] , (6.1b) 

5^v.j = in(0,T)xl], (6.1c) 



v(p!lv^\^ + a^^z;,;j - S^^iV, = £^(77) + £,(77) + k??^*^ on (0, T) x T , (6.1d) 

UK(0,a;) = Mo(a;) on {t = 0} x 17 , 

(6.1e) 

7y«; = Id on {i = 0} X 17 , 

(6.1f) 

where we set e — \ and ignore the factor 1/3 in front of £;,. Note that here we 
treat the membrane traction as an extra forcing on the boundary. Also note that 
the time T a priori depends on k. 

Following the same analysis as in [5], we can show that for this regularized 
problem (for a given and fixed w), there exists a unique solution {ti^^Vk) to ()6.1|) 
with u« e V3(r) and ?7«, € L^^q, T; 7?5.5(r)). 

This follows by first approximating by a penalized problem, and then perform- 
ing a regularity analysis (energy estimates). By the Tychonoff fixed-point theo- 
rem, there exists a fixed point in V'^i^Tt^) with /p VK,ds € L^(0, Tk; -ff^'^(r)) and 
(aK)^'y^j = 0, and this and the associated 77^ satisfy 

v^ = n^t in(0,T„)xl7, (6.2a) 

- v{{a^)\[a^tv^\l, = - (a«)^'(7Kj + i^* in (0,T„) x 17 , (6.2b) 

(a,)^'<^. = in(0,T«)xr!, (6.2c) 

v{a^\v\ ^ a^i^K^fc) - {a,)\N, = £„(?7,) + £b(7y,) on (0,T,) x T , (6.2d) 

u„(0, x) = wo(a;) on {i = 0} x 17 , (6.2e) 

77«, = Id on = 0} X 17 . (6.2f) 



8 C.H. ARTHUR CHENG, DANIEL COUTAND, AND STEVE SHKOLLER 

7. A PRIORI ESTIMATES FOR V^, q,^ AND ?7„ 

7.1. L^(ri)-estimate for q^. By (|6.2p . a solution and 77^ also satisfy 



- l%r^5K ^'7" ■ ~ bo)g'^i(t>' ■ n^)dS + k J^r/^ ■ (j)" dS = {F, cj)) 
for all (f> £ H^'^iyt; T). Therefore, by the Lagrange multiplier lemma, 

hn\\\2(^^) < C ||w„t||i2(f^) + 1 1 A,, i'k 1 1 1,2(0) + \\{9k - 9QWJH-^(r) 

< C'Pi\MH2.5^r))\\\^^t\\l^n) + l|VwK|li2(o) + - 5olli2(r) 



^o|li2(r) 



k||?7|| 



for some constant C independent of k. 



(7.1) 



(7.2) 



7.2. Interior regularity. Converting the fluid equation ()6.2b ) into Eulerian vari- 
ables by composing with t]~^ , we obtain a Stokes problem in the domain rj^lfl): 



div = , 



(7.3a) 
(7.3b) 



where u^, = v^, o rj^^ and p„ = o 7]^ ^ . By the regularity results for the Stokes 
problem, 



< C 



or 



IKWmin) + Unfm^n) < C[\\F\\l,(,,^ + \Kt\\Un)\ + CP{h.fH2..^r))\K\\m.,(r) ■ 

(7.4) 

Similarly, 

(7.5) 



7.3. i?^(r2)-estimate for 



I|V"«IIl2(Oo) = ll^^o+ / VwKtds||^2(n ^ < |lVwollL2(i2o) + / \\^v^t\\L2(^ao)ds 
Jo '-Jo 



< 2 



ll"o||?/i(no) + t\\vKt\\'L2(QT;H^n)) 



(7.6) 
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8. Elliptic estimates on the boundary 

8.1. Estimates without artificial viscosity. Since u„ e V^(T), the associated 
rjf^ satisfies the boundary condition (|6.2dp in the pointwise sense. We start with 
the estimates without considering the artificial viscosity to illustrate the basic idea; 
then in the next section we consider the full boundary condition (j6.2dp and obtain 
the desired estimates. By (|2.1|) . we find that 



AnW-4[v3(.g'-.g^) + ^.9' 



4(.g - go)bn 



and 



^biv) = [2{Wo\-Hb - bo))" - 2W„\-^g-^b\b bo) + {Wor'g-'g'ib - bo) 
^{Wor'ib - bo))' + 2W„r^g-^/'{b ~ bo)b']g-'/Hr . 



Given h £ L^{0, T; H^-^{r)) n L°°(0, T; H"-^{T)), a solution to 

£m(?7) + Cb{r]) = h 

satisfies the "normal equation" 
2[WorHb-bo)]" 
= h-n-A{g~ go)b + 2177^1-35-152(5 - 5o) - 
We also have the "tangential equation" 
4^/5(5' - 50)' 



(8.1) 
(8.2) 



g-'g'{b-bo) 



(8.3) 



h-T 



-1/2 



4(177^1-3(5 - 5o)) b + 2|7;^|-3g-i/2(5 _ bo)bb' - 2(5 - go)g' 



Therefore, by elliptic estimates, a solution to (|8.ip satisfies 



\\b-bo 



1^2. 5(r) < C 



(8.4a) 



\h-n\\]ja.^r) + \\{g - go)b\\]io.^T) 
+ 115-152(5 - 5o)||l,o.5(r) + II rV(fe- M'lllfo.5(p)j 
||ff-5o|ll^..5(r) < C7'(h||2,,.,(j,))[||/i.r||2,,,(j,) + ||(5-6o)'<?-i/26||?,.5(r) (8.4b) 
+ \\g^^{b~bo)b'b\\'\ji.^(j.-^ + \\{g- go)g'\?Ho.^T) > 

where C only depends on T. Since 

\\fg\\H<'-'(T) <C ||/||ffo.5(r)||g||Loo(r) + ||/||H0.5(r)||.g||L-(r) , 
ll/.9llHi -'i(r) < C* ||/||if-i.25(r)||5||Hi.5(r) + ||/||Hi.5(r)||5||Hi.25(r) , 
by the Leibnitz rule, we have 

||[5-V(^'-6o)]'|ll^o..(p) 

< C'^(hllH2.5(r)) Il5llff2.5(r)||6- 6o|lio=(r) + ||6 - 6o|| wi>~(r) 

< C.7'(||7/||l,2.5(r)) \^\g\\m.,(r) \\b- bo\\l^(r) + 11^ " ^'o|lHi.5(r) 
2 

H2.5(r) , 



(8.5a) 
(8.5b) 



(8.6) 



■e||6-6o|" 
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and 



||5-i(6-&o)6'6|iHi-(r) < CP(h||l,..5(r))||& - foo|ll^i.25(r)||&|ll^..5(r)|l&||l,i.5(r) 
Let X{T) = |K'||^3(T) + ll&lli2(o,T;H2.5(r)) + ll5lli2(o,T;H2.5(r)), then 

||6(t) - 6o||lfi.25(r) + hit) - 5o||l^i.25(r) < CViV(X{T)) , 
\m - bo\\l^.^r) + hit) ~ go|llfi-5(r) < CV{X{T)) , 
for all < < < T. Therefore, by choosing e > small enough in (|8.6p . 

Il^'||ff2.5(r) < Cr{\\r]\\jj2.,.(r)))\\m^(r) + CV{X{T)) 1 + \\h\\ 
+ CVi7'(X(r))[||6||^...(r) + ||,g||^..5(r)" 
and hence by (|8^) (and also ((8J)) . ((8^ ). 

||ff||l,2.5(r) < C7'(||r;||^...(r))||/i||^,.5(p) + CP(X(r)) [l + ||/i|ll,o.5(p) 
+ C7VIP(X(r))[||&||^..s(r) + ||g||?^2.5(r) 



(8.7a) 
(8.7b) 

(8.8) 



(8.9) 



With h 



and 



u^aNi in mind, we find that 



\\Ks)\\H2..ir)ds < C{t + t^/^ + t^'^)V{X{T)) 



\\g{s)fH...^r)ds < C{1 + t^l^ + i)V[X{T)) . 



(8.10) 



(8.11) 



8.2. Estimates with artificial viscosity. Now we study the full boundary con- 
dition 



By the Leibnitz rule and (|2.ip . 



(8.12) 



• n« = b'^ - g-'bl - Ig-^g'^n^ + ^g-'g'X + g^^'g'X , (8.13a) 
v7' ■ r = Ig-'^' 



g7-ibX-lg^'gW: + lg;^'{g'.r 



(8.13b) 



where 5k = ^7^ ' v'k^ = 5k ^^^Vk.,! x Vn,2 and fe^ = 77; 



n^. Define 
2 



XniT) =^srip_^ [l|wKt||i2(fj) + ||wk||?j2(o) + ll.gK||?/2(r) + ||6„||H2(r) + IK ' '?KllL2(r) 

+ Ik" ■ '^K|lL2(r) + lkK|lv3(T) + II^K||i2(0,T;ff2.5(r)) + ll5K|li2(0,T:ff2.5(r)) 

By the same technique, we find using (|8.2p that 

||&K||?^2.5(r) <C7'(h«||?,.5(r))||/i||i.o(r)+t^^(^K(T))[l + ||/i||?^o.5(r)" 
+ CViP{X^{T))\\\b,\\j,,.,^^) + ||5K|llf2.5(r)l +C,kV{X,{T)) 



+ 



V{X, 



■ llffKlll/3(r) 
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and from the tangential equation (j8.3p . we find that 

ll3ft||H2.5(r) + K||.9K|lH4-5(r) 

+ CV{X4T))\l + \\h\\ 

+ CViP{X,{T)) ||foK||H2.5(r) + ||5K||^2.5(r) + C,KriX^{T)) + CeK\\g,\\ ^4.5(r) 
where we use the fact that 
WVk" ■ '^Kllffo-s(r) 



< Ck 



||&K|lioc(r)II^K|lHo:5(r) + II^Klli°=(r) ll5K|lH2.5(r) + II^KllHiEi(r) ll5LllL°°(r) 



and 



hr-T.|ll,o..(r) 

< Ck - 6o)&'„ + 5o&;,|l^i.5(r) + llgK|ll/2.5(r)ll.g«||H3.25(r) + llg«llH2.25(r)ll.g«||H2.5(r) 

< CVtP(X,(T))||fe„||^..5(r) + C^«;||&K|lH2.5(r) + CeK7'(X,(r)) + eK||gK||?,4.5(r) • 

Note that here Cand are independent of k. Choosing e > small enough, we 
find that 



\ds 



(8.14) 



and 



< C{t + t'/^ +t'/^)P{X,{T)) + \K{s)\\l,^^^ds 



ll5K(s)llff2.5(r) + «ll5K(s)|ll,4.5(r)l ds < C{1 + t^'^ + i)V{X^{T)) . (8.15) 



(8.16a) 
(8.16b) 



^.3. The estimate of n^. By (|2l]) . 

||n.|p«2.5(r) <C7'(X.(r))^ 



||riK||l,3.5(p)ds < C(l + + t)V{X^{T))ds . 



8.4. Small time results. In this section, we rewrite some inequalities in Section 
[7] that will be used in the later discussion. First of all, note that (|7.6|) implies that 



ll«o||?^i(o)+i^(^«(r)) 



(8.17) 



Since 



||??«|lH2(r) < 2 ||Id||^2(r) +< / ||t',.|lH2.5(mds 
L Jo 

(|7.2p can be rewritten as 

+ tr{X^{T)) 

Finally, we also have 



ft ^ 



\'"K.\\H^{n) + ll'5'Klli/i(f2) 



ds<C 



\\F\ 



2 

L2(0) 



ds + CtX^{T) 



(8.18) 
(8.19) 
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and 



ds<C 



-P'IIhI(O) + II^KtllHl(O) + II^K|l?/2.5(r) 



where we have used that 



||V77.(t) - ld\\HHn) + \K{t) - ld\\HHn) < C{t + Vt)V{X^{T)) 



ds 
(8.20) 

(8.21) 



to remove the and dependence from inequahties ()7.4p and (|7.5 



9. Nonlinear estimates 



In the following discussion, we will always assume that T < 1. Therefore, all 
the time dependent functions appearing in the previous section, such as t, (t + -\/<), 
{t + t^/"^ + i^/^), etc., can be replaced by for some fixed 5 e (0, 1). 



9.1. Partition of unity. Since is compact, by partition of unity, we can choose 
two non-negative smooth functions ^^^id Ci so that 

Co + Ci = l in f^; supp(Co) CC r?; supp(Ci) CC T x (-e, e) r2i. 

We will assume that Ci = 1 inside the region Vt'^ C ili and Co = 1 inside the region 
VI' C fi. Note that then Ci = 1 while Co = on T. 



9.2. Energy estimates for w" near the boundary. Use (Ci w")" as a test func- 
tion in (|7.ip . wc find that 

1 d 



2 dt 



WCKWhm + 2 Wo\-'[\{9^ - go)'? + \{b.- boy'\']ds + « h^pd^ 

+ ^IICi^r,.<||i.(o) = {F, (C?<')") + {K,+K2 + --- + K,), (9.1) 

where {Dn^w)l = (a„)*^w"'^ H- (aK)^w\. is the nonlinear version of the rate of defor- 
mation tensor, and K[s are defined by 



i^i 



2v \ Ci 

hi. 



^ \ Ci 



21. / Ci 

2y f Ci 
Jn 



ioHviXk + K),'«):fcj (a.),^ci(«D:'fed.T 

K)Hvi),k + (aD'K),fe] K)'Ci(<):'ferfa; 
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^3= - 8 y^(h^,r^)'(5.-go)'(r/^«;;)"d5-4 y^(h^,rT(3K-.9o)(r?^<)"d5 

1-3 



hor'(.9K-5o) g'odS, 



+ 4n' • 



d5, 



^^5= - 4 y^(Ki-^)'(fe.-6o)'«-n.)"d5-2 y^(h^,rr(^^.-MK'-"j"'i5, 



and 



\Vor^9^\b^-bo)g'M'^ ■n^)dS, 



K?^ - q,<,{af,)l iCfv'^' Y'jdx . 

By dHUI), 

li^il < C(l + t*7'(X,(T))||««||H2.5(o)||««|U3(a) 
and hence by Young's inequality and (|8.19p . 



Kids 



\\F\\U[o,T;LHn))+T^iX^{T)) +e |k.||^3(o)ds 

J Jo 

t 







Mo+ViX^iT)) 
Integrating by parts in space, we find that 
\K2\ <C llffK - go||//2(r)||wK||ffi-5(r) + llffK - .go||_H-i-5(r)||«K||_fi-2.25(r) ||?7K||ff3.5(r) 



(9.2) 



C 



llffft - gaW H^-^^r)\\Vn\\ H^-^r) + \\9k - goW H^ ^r)\\Vi^\\ H^-^^r) W'^^kWh^-^f) 



and hence 



K2ds 



t ^ 



<C,t'ViX,{T)) + e \\v^\\ 



ds 



(9.3) 



here we use (|8.7b .) to estimate — go||L°°(r)- As for K^, integrating by parts for 
the first two integrals, we find that 



\K3\ < CV{X^{T))\\g, - goWHHDlKWHHD 



Therefore, 



K:,ds 



<C,t'V{X^{T)) + e I \\v^\\ 



(9.4) 



Similarly, integrating by parts and H^-^{T)-H-^-^{T) or i/" -'^(r)-i/-°-5(r) duality 
pairing lead to 

\K4\ + \K5\ < CV{X,,{T)) ll&K - 6o||^i.25(r)||nK||if3-5(r) + II&k - bo\\Hl■^T)\\nK\\m■^^T) 

+ II^K - &o||_H-2.5(r)||nK||^f2.5(r) \\v^\\h^.-^(t) 
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and hence 



{K, + K^)ds < Ct'V{X,{T)) + Y^J^ W.i-^)\\Hs^r)ds , (9.5) 



here we use (|8.7b .') and (|8.14p . By the Leibnitz rule, 



KtdS- 



7 |-3„-l 



9^ - ^o)5L 



<-v:'dS 



dS. 



The worst situation for the last integral is when the derivative outside the bracket 
is put on g'^. In this case, since 



1 



the worst term will be 



(9.6) 



dS. 



For the first term, since g'^g'H forms a perfect derivative, after integrating by parts 
we have 



\rir^g.{b^~h^)gl 



1 



dS 



+ C''^(hK|lH2.5(r))||6K -^'o||L-(r)ll.9«:|lH2.5(r)IK' • ?^K||L2(^) 

+ C'^(ll'7K|lH2-5(r))ll^'^ - ^o||L-(r)ll.9K||H2(r)||5K||//2.5(r)||wK||ff2.5(r) . 

For the remaining two terms, we use i/°-^(r)-i?^"-^(r) duality pairing and obtain 

1 



\^,\-^g-.\b. - b^)g'L { - ^^g-'g'M' ■ n.) + 2<' • < 



dS 



< C'P{\\r-i^\\]^2.^Y))\\bii ~ boW H^r)\\gii\\ H'-'-'- {r)\\gK\\ H^-^r)\\vK\\ H^-^r) 
Therefore, by and dHU]), wc find that 



"T 



dSds 



+ « / \\v^\\m{n)ds 



For the second integral of Kg, integrating by parts and using H^ '^{T)-H °'^(r) 
duality pairing, we find that 



iQ Jr 

+<5 



Worg.ib.-bo)g'. 



n' ■ v''"dSds 



< C,t'P{X^{T)) 



100 7o 



lk«(s)|li/3(r)rfs + e / ||w«|i^3(a)ds 
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Finally, for the first integral of Kq, we time integrate it first and then integrate by 
parts in both space and time to obtain 

/* / Wo\'^9^\b.-bo)g'XtdSds 
Jo Jr 

'iWor'g^^'g'Jib. - bo) + Wor'g^^'g'.ib. - boy]b:,dSds 
{iWor'g^'g'Jib. bo) + Wo\-'g-'gUb. - boYyys] (t) 
\Wo\-'g^'g'Jib. - bo) + Wor'g^'g'.ib. ~ bo)' 



bUSds . 



Therefore, 



< 



f I \v'or^g-\b^~bo)9'XtdSds 
Jo Jr 

{Hr'g^^'g'Jib. - bo) + Wo\-'g;^'9'.ib. - bo)')b:ds] (t) 



Hr'a^'a'Jib^ bo) + Wo\-'g^'gUb. bo)' 



b''dSds 



<Ct'P{XjT)) + — / \W.{s)rHSf^r)ds. 



100 Jo 

Combining the estimates above 
Keds 



^ Keds\ < Ct'P{XAT)) + W.i-^ 



ds 



ds. (9.7) 



Remark 1. In the estimate of Kq, the fact that n — 2 is necessary to use the 
Sobolev embedding L^{T) c H^ '^^{T) with 



j^0.25(p) < C||/l||i4(r) 



and 



{fg,h)r < C|l/|lHi(r)||.g|lH0.5(r)|l/i|lff-n.5(r) 
for some constant C. These inequalities no longer holds ifn = 3. 

Now we turn to the estimate of K^. By the identity 



ia^mvT)" 



(9.8) 
(9.9) 



iOiiCfvl,) + 2{a'MQt<,)' + («.)KC/)"<,, + 2(a.)^(Ci^)'<' 
(C?<:,) - 2«)^(Cf )'<, - 2«)^C?<:, + 2(a«)KCiCi..<')" : 



and ine quahty (fOTI) . we find that 



< C\\a^\\H2(n) \\qK,\\m{n)\\vK\\m-^(n) + \\qK,\\m-^{n)\\(,iv'^,j\\L-^[n) 

< C,il + t'riX,{T))[\\v^\\l,^^^ + +e[\\v.\\l^n) + h-Wl^n) 
Therefore, by (|8l9l) and ^M), 



Krds 



< at' 



Mo + V{X,{T)) 



t ^ 



ds. (9.10) 
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Since 



{F,iCKy')ds <Cj \\F\\l,^^^ds + e I \\vfHSfn)ds, 



time integrating ^A\i together with incquahties ((O)) . (pii)) . ((531) . (IS3) and 

dUni), we find that 



sup 

0<t<T 



if4(r) 



(9.11) 



ds . 



9.3. Energy estimates for v^t- Time difi^erentiate (|7.ip and then use v^t as the 

test function, we find that 

1 d 



2 dt 



+ l^WDr^^v^tWi^^^n) = {Ft,v^t) + Li + L2 + Ls + U + , (9.12) 
where 



Jn Jn J 

L2 = - 2^(.9k - .9o)« • v.',)dS + ■ v'M ■ v'JdS, 

L3 = 2 [ W,\-'iv'^-n^)iv':-n,t)dS~ [ |77^,r^(ry^ n,t)K't ' 



Li 
L5 



-2 / Wo\-'{b,-bo){v:,-n,t)dS, 



qnta^vlt.jdx - / (7„(a«t)j<t,,'^a; . 



Since a„ = (V?]^) \ (ok*)- = ~a^lv^^l^a^,\ and ||a„||Loo(o) < 7'(||?7K||^2.5(r))- 
Therefore, 

ft 



Lids 



<C,t'V{X^{T)) + e I Wv^tW 



(9.13) 



Similar to the estimates in the previous section, integrating by parts (if necessary) 
and iJi-5(r)-iJ^i-5(r) or iJ''-5(r)-i?-"-5(r) duahty pairing imply that 

1^2! < C \\vi^]\Hi.5(^r)\\vf,t\\H«-'-(r) + \\vK\\H2{r)\\vKt\\L2(r) llff^ - gollni 25(r) 
+ C'||77«,||H2.5(r)||wK||Hi(r)lkK.||H2.5(r) 
and hence by (|8.7b .). 

/ L2ds <Ct^V{X^(T)). (9.14) 
For the first integral of is, we have 
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and hence by and (jO a.). 

For the second integral of ia, 

Wo\'\v'L ■ ■ n.)dS = ^ hor'(Id" • ' n.)dS igi) 



Wo\-\ v'^ds-n,,){v'^-n,,)dS. (e^ L33) 
Jr JO 

By H^-^{r)-H-^ ^r) duality pairing, 

|i3i| <C^.^(^k(T))||<'|| 
and standard Holder's inequality implies 



Jo 

For L32, integrating in time and integrating by parts in time leads to 



L32ds= \t]'„\ (/ v'^ds ■ n^,t){v'^ ■ n^)dS 



Jr 



Wo\ {vl-n^t){v'^-nK)dSds 



hoi ^( / '"'Lds ■ ?^Ktt)(^'" • n^)dSds 



Jr 

The first two integrals can be bounded by 

CV~tV{X,{T)) + CV{X,{T)) f ||<||?,3(^,, )ds . 

"'0 

The worst term in the last integral is 

f I Wornf v'Lds-ii'^)g-\v',t-nM-n.)dSds, 
Jo Jr Jo 

and integrating by parts, the worst term becomes 

/ /l%r^(/ v'^'ds-VK)9K^ivf^t-n^){v'^-n^)dSds 
Jo Jr Jo 



Jr 



WorM' - Id'") • rQg.iv^t ■ ■ n,)dSds. (9.15) 
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Standard Holder's inequality and interpolation inequalities show that 

f I W,r'[K - Id'") • V'^]9^\v^t ■ ■ n.)dSds 

"'r 



< 



V{Xf,{T)) / (1 + ||77„||^3.25(r))|K'„i||H'i-25(r)rfs 





Estimates for L^i, L32 and L33 leads to 



'0 Jr 



Therefore, 



L^ds 



<c,t'r{x^{T)) + c,r{x^{T)) / 



(9.16) 



+ e / \\<-n.\\ L2(r)^s - 



ds 



100 



'7KllH3(r) 



ds . 



La can be rewritten as 



The presence of (6^ — bo) and H'^-^ {T)-H^^-^ (T) duality pairing imply that 

W.rHb, - bo){g-'gMt ■ v'^.dSds < Ct'V{X^{T)) . (9.17) 

"T 

For the second integral, since 6^* = • + 77" • by H'^-^{T)-H^°-^{T) duality 
pairing, 

l%r^(&K - bo)tg';^,^9'An,, ■ v'^t)dSds 



Jr 



< 



C / 7'(||77||^2.5(r))(l + ||5K||H2(r))|K||^i(o'^)||t;«J^i(fj)ds 



<C,7'(X,(T)) ||^."||^,l(o;)ds + e [ 
Combining (|9l7l) and ([9TT8| . we have 



L^ds 



<Ct'V{X^{T)) + C,V{X^{T)) I 
+ e / h^ct\\Hi(n)ds. 



(9.18) 



(9.19) 



For L5, first note that by (0^*)^ = — (a„);^WK'£(aK)f , we find that 

qK{a^t)ivl,t,jdx < \\qK\\Ho^n)\\ai^\\l^.(^Q^\\v^,\\Hi-^(n)\\viit\\m{n) 



< Ce'P(hK||ff2.5(r))||gK||i2(f^) + e ||<?k||hi(o) + \\vKt\\Hi(n) 



(9.20) 
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By the "divergence free" condition, {aK)lv\^ ,j — — (aKt)i'^Kj- Time integrating the 
first integral, 



qKt{at,)ivlt.jdxds 



Jn 



(.a-n)ivnj{aK)jvl^j dxds+ I q^{s){a^,tis))ivlj{s)dx 



'0 Jn 

Similar to (|9.20p . we have 



s=0 



9k 



JQ. 



+ e 



dxds 



<C.P(|hK|lH2.5(r)) / \\q.\\i^n)ds (9.21) 



+ \Kt\\ 



ds . 



For the boundary term, when s = 0, it is bounded by a constant independent of k, 
say Mq. When s ~ t, first note that by {a^tYi 



J k £ 



\\ia.tydt)-{a^t)m\\lHn) 
< ||(a4 - Siy^jaJ^Wl,^^^ + \\{vl, ~ K.tWA?L\a) + \\<.M>^\ ~ *f)lli4(n) 

Therefore, by adding and subtracting / (7„(t)(aKt(0))^u^ ^ (i)da;, we find that 

Jo 



< 



< 



Jn 

Ct'V{X,{T)) + [holll^i(o) + Vtr{X^{T))\ + , (9.22) 



where (jSTT]) is used to estimate Combining (f9?20l) . ((9?2T|) and (f9?22|) . by 

(f8?T8l) and ([STTg]) we obtain 



L^ds 



L2(n) 



(9.23) 



Time integrating (|9.12p . choosing e > small enough together with inequalities 
(|9l3ll . |9A4|) . (mm), ([9l9l) and ([9^, we find that 



sup 

0<i<T 



hnt\\l2(n) + \W^- v'.\?mv) + IK • nX\l2(r) + i^hn^n.^v) (9.24) 



111^*11^1(0)^^5 < Afo + Cr^7'(X4T)) + CV{X,{T)) / ||<'||^i(o;) 



K 

100 



for some constant Mq depending on ||uo||^2(o)i llld|1^2(r); \\F\\l 



'^t|li2(0,T;L2(O))- 
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9.4. K-independent estimates. Let £i and £2 be the left-hand side quantities of 
([gH]) and dn^, respectively. Then 



£1 < C,T' 



Mo+V{XAT)) 



e£. 



I^Kll_ff3(n)'^* ■ 



£2 < Mo + CT^V{X,{T)) + CV{X,{T))£i + —£i 



(9.25a) 
(9.25b) 



By dnSSi), for e > small enough (but not fixed yet, say CeV{X^,{T)) < 0.5), we 
have 

ft 



£2 < Mo + CT'V{X,{T)) + e j Wv^r^^n) + ^^^i 



(9.26) 



Finally, since 



||'yK||l/2(o) < C'e||wK||^l(j2) + <^\\Vk\\^H3{Q,) 



< a 



ll^ollffi(O) + ^2 



F|I//3(0) 



ds 



(9.27) 



combining (jgH)) . ([51^ . (jS:^ . dn^SJi), and (jOT]) . and choosing e > 

small enough, we have 

X,{T) < c[Mo + T*P(X„(T))] . (9.28) 

is clearly continuous in its variable. By Lemma 15.31 there is a constant M 
independent of k and Ti < so that 

X,{t)<M yte[0,Ti]. 

Without loss of generality, we may assume that Ti = (by setting equaling 
Ti). Let Xo.sit) < M for t e [0,To.5]. For k < 0.5, say, k = 0.1, Xo.i{t) < M 
for t e [0, To.i] where Tq.i is in general smaller than T0.5. Since this estimate is 
independent of k, we are able to extend the time interval [0, Tq.i] in which the fixed 
point vo.i, Vo.iy go.i and 60.1 exist. This extension will proceed until Tq.i hits T0.5, 
and hence Xo.i{t) < M for t E [0,To.,5]. This argument holds for all k < 0.5, so we 
conclude that (with T = To. 5) 

X^{t)<M V<e[0,T], KG (0,0.5]. (9.29) 
Remark 2. By i8.20\) . we can also include \\qK,\\'i^2(^o T-H^{n)) ''^^k(^)- 

9.5. Weak limits of v,^ as k ^ 0. By (j9.29p . there exist v (and vt) so that 

v^^^v in L^{0,T;H^{n)) , (9.30a) 

v^^^v in L^{0,T;H^{n)) , (9.30b) 

v^^t^vt inL^{0,T;H\n)), (9.30c) 

v^^t^vt inL\0,T;L^in)), (9.30d) 

for some subsequence v^^ . Also, there exists r/ (the associated Lagrangian variable 
of v), g, b and n so that 

in L2(0, T; H^{r)) n L^{0, T; H^ifl)) , (9.31a) 
in L^{0,T;H^{T)) , (9.31b) 
in 2.2(0, T;i/2(r)), (9.31c) 
in L^{0,T;H^{r)). (9.31d) 



"k. 



n 
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Since 77^^ converges a.e. to rj in H^{r), we have that g = b = rj" ■ n, and 

n = {-v'2,Vi)/\v'\- Also, since a^, a strongly in L'^{0,T; H^{n)), by ((77T1) we 
conclude that ii, g, 77, 6 satisfy (|2.3p . 



10. Uniqueness 

Let w and 5 in V^(T) be two solutions to {q and q e L^^q^ j^. ^4(-j^^) ^ 

L°°(0,r;7j3(r!)), and e L2(0, T; 5, 5, 6, 5 e L2(o, T; F4.5(r)) p 

L°°(0, T; H^(r)) ), and w = v — v,r = q — q, £ = rj — j). Then w, r, f satisfy 



a^w^j — 5a 



in(0,r)xf7, (10.1a) 
in(0,r)xl7, (10.1b) 



v{a^,w'f^ + a1w]k) - rS,j a'jNe = £{£) + 6L1 + SL^ on (0, T)xT , 



w{0,x) = 



in f2 , 



(10.1c) 
(10. Id) 



where 

SF = for]- foij + iy[{a'^al - d'^^yj^k + v[{a'lal - a^a^)wf^.],fc - (af - h'^q^k 
C{£) = 4 \W,\-H£ ■ 77')^'! ' + 2 fb7^,r^(f " • n)n] " , 



5a 

5Li : 



4' J 



(a' - 5^)iV, 



- g(af - ~a\)Ni , 

A;\v',\-\f,' ■ £')v' + [g - go)£'] 

2 K\~^[f]" ■ {n - n)n + (b - bo){n - n)] 
Wor'iig-' - ~g-')ib - bo)g'n + ~g-\b - b)g'n + ~g{b - b„){g - g)' 
+ g~^(b-bo)g'{n-n) 



with the following inequalities from [S]: 



\\Sar 



\m\ 



Lff'=(J2) 

+ \\mt\\ 



\5LA\l 



lL2(r) 



<Ct f ||ti;|l^.+i(j^)ds, for fc = 0, 1, 2, (10.2a) 

<CVi f \\w\\l,^^^^ds , (10.2b) 
Jo 

(10.2c) 



< Ct 
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Furthermore, w, r and £ satisfy the foUowing variational form: 



+ / Wor' 4(5-g)(77'-<^') + 2(6-6)(0"-n) 



k/or' 4(g - go)(f' • 0') + 2(6 - 6o)(0" • {n - n)) 



dS 



(10.3) 



Wori9--r'){b-bo)9'i<t>'-n)dS- / h;,r ^^(6 - %'(<^' • 

r 

Wor'r\b-bo){g-gn<l^' ■n)dS- [ W,\-'~g-\b - boyg' {cjy' ■ (n - h))dS 
'r Jr 

for all e iJi'2(r2;r). 

10.1. Some a priori estimates. Similar to (|7.4p and (|7.5p . solving a Stokes prob- 
lem (formed from (jlO.lb .) and (jlO.lb )) gives us 



< C 



(10.4) 



and 



^I!ff3(0) 



\\wt\\mm + \\M\H^Hr)+t \H\H^n)ds . (10.5) 



For T small enough, (110. 5p implies that 



ds<C 



(10.6) 



We can also setup elliptic equations for 6—6 and g ^ g and obtain the following 
elliptic estimates for 6 — 6 and g ~ g (where we use (|10.4p and pO.Sp to estimate 
the norm of r) : 



\b-b\\j,i.^r) < Ct 



|6-6||^...(r) < Ct 



|w'tlli2(o) + lkllffi-5(r) 



\\w\\m{n)ds + ||w||^3(o) + 11.9 - 3llH2.5(r) 



C 



(10.7a) 
(10.7b) 



ll5-5llH2.5(r) < C 



\Mm{n) + \\b-b\\H2.5^r) + \\b - bo\\H2.^r)\\b - bWrn-^r) 



+ Ct 



(10.7c) 



Using ((TOJb) in (flOJh ). for T small enough, \\g — .9||^2.5(p') dependence on the 
right-hand side can be absorbed by the left-hand side of (|10.7b ). so we conclude 
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that 



Il5-3ll//2.5(r)ds < C / llwtll^i(f^) + ||w||^2.5(r) 



"'0 

t i-t 

2 ^„ ^ n I I|2 



ds . 



\\h- h\\^J2.^r)ds < C / t\\wt\\Hi(n) + t\\w\\H2.^r) + W^th^n) + \\M\m-^r) 
Jo '- 



ds . 



By the identity ij" — g ^{rj" ■ rl)rl + (t^" • n)n — \-g ^g'r( + 6n, we find that 



Il'^llff3-5(r) — ^ lis ~ 5llff2-5(r) + 11^11^2. 5(r) + 11^ ^llHi-5(r) 



and hence 



||£||ff3.5(nds < C / ||w||H2.5(r) + ||wt||^i(m 
Jo 



ds. (10.8) 



By 



11'^ - "llff-nn - ^ ll^llH=(r) + 11^ - ^llff--i(r) 



for s > 1.5 . 



Since f" • n = (6 - 6) + ^" • (n - n) and € i:°°(0, T; i?4-5(r)) by assumption, we 
find that 



|£" • «||li-2.5(r)rfs < C 



||6-fe||?^2.5(r) + II" -"llH2.5(r) 



ds 



ft ^ 



< Ct 



wt\\m{i-i) + \\w\\H2.^r) ds + C ||wt||i2(n) + lkllffi.5(r) ds . (10.9) 



24 



C.H. ARTHUR CHENG, DANIEL COUTAND, AND STEVE SHKOLLER 



10.2. Estimates for wt- We study the time differentiated problem first. Time 
differentiating (jlO.Sp and then use Wt as a test function, we find that 



dt 



It^qI ^ {v ■ E'){fj' ■ w')t ~ (w' ■ r]'){v' ■ w') — {v ■ £'){v' ■ w') 



dS 



hoi 



/ 1-3 



{w" ■ n){w" ■ nt) + K ■{n-n) + {if ■ rit) ~ {ij" ■ ' n) 



dS 



dS 



' 1-3 



{v' ■ f]'){£' ■ w[) + 2{y" ■ h + i)" ■ fit){w'; ■ {n - h)) 



dS 



Wo\'' 4(g - 5o)K • w',) + 2(6 - feo)« • {nt - nt)) 



dS 



+ / hoi"' i9-''-9-')t{b-bo) + {g-'-~g-')bt g\w[-n)dS 



(10.10) 



+ / Kr\9-''r'){h^ho) g'M-n)+g'{w[-nt) 



dS 



+ l%r' [{r%{h ~b)+ r\b - l)t\g'{w[ ■ n)dS 



+ Worr'ib-b) g'M-n)+g'{w', -nt) 



dS 



+ Wo^ [{g-')t{b - bo) + ~g-%\ (.9 - ~gy{w't ■ n)dS 
+ Wor'r\b ~ bo) [{g - g)'M ' ") + (.9 - -gYH ■ n*) 
+ / Wo\~'\(r')t{b-bo)+g-%Yg'{w'f{n^fi))dS 



+ / Worr\b~bo) g',{w',-{n-h)) + ~g'{w[-{n-n)t) 



dS 



dS 



{SL,)t ■ wtdS + {{SF)t,Wt) - {rt,alwl^) - (r, {al)twl^) . 

With vtt € L^{0,T; H^{n)) (so that vtt has trace on the boundary), similar to the 
computation of estimating Ei in page 48 of [S' , we find that 



{n,alwlj) + (r, {aDtw'lj) 



< Ce\\r\\i2^n) + ^ 



^111/1(0) + ll^tlll/i(o) 



For V and -5 and the associated metric tensor, the second fundamental form and the 
pressure in the space described in the beginning of this section, by (|10.2b ). 

ft 

|2 I ||„,, ||2 



w\\^3(^rp^ds + e 



mF)t,wt)\<a 

By (|10.2b ') and interpolation inequalities 



J {6Li)t ■ WtdS 



< Ct 



\w\?m{n)ds + C',||wt||i2(fi) + e||wf||^i(o) • 
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It is also clear that the first two terms (due to viscosity) on the right-hand side is 
bounded by C||w||jji(o)|lwt|lHi(o), and by Young's inequality, 

<Cel \\wtfHi(n)ds + 4wt\?Hi(^n)- 



For those terms having w[ in the integrands, following the same procedure of esti- 
mating L4, we find that those terms are bounded by 



^ds -f lilt; 



"II 2 



The terms having w'l inside the integrands are 



+ e|ktllffi(n) 



Ml 



W,\-^{h-h){w';-nt) 



M2^ / Wo\'' iv" ■nt)~iv" -nt) {w',' ■ n)dS , 



dS. 



Fi{Vo,V,'n){n - h)w'l -t- F2{'no,i],r]){b - bo){n - n)tw'l 
Following the same procedure of estimating L3, we find that 

'-Jo 

+ e|kt||ffi(n) 

and hence 

[ {Nh+Ah)ds <cjt' f \\w\\ls^^^ds+ f \\wt\\l2^n)ds 
Jo '-Jo Jo 

For Al2, by interpolations and (jlO.Sp . its time integral satisfies 



Mads 



< a 



11^1! 

< / \\£\\m-Hr)ds + C\ f 
Jo Jo 



ds + e 



m\\m{n) 



ds 



"II 2 



< a 







\\£\\H3.^r)ds + e 



\w"\\m{n[)ds + e 



\wt\\H^n)ds 



All the remaining terms can be bounded by 

ft 



C 



w 



m\\m{n) 



2 

Lf/(r)'- 



ds . 



Time integrating (jlO.lOp . choosing e > and T > small enough, by p0.4p and 
([T(IB)1 we find that 



y(T) 



ds<C rY{T)ds + C f \\w"\\%^n,.ds 
Jo Jo 



(10.11) 
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where 



Y{T)= sup \\wt\\l.^^) + \\w' ■v'\\h^r) + W -^WIht) 

Q<t<T L 



10.3. Estimates for w". Let cj) = (C?w")" in (fTU^l) . then 

+ iih()r'/'r'-<iiW)] +pciAy'iii.(n) 

+ 4 hor'Cg - 5) [('7<'^ • + 4(r?(4) • e")t + 6(ry"' • + 4(77" • f d5 
-4/ |7y^,r3(f'.^')"(f'-n"rf^- / 177^,1-3 (10.12) 



-y \ Ci 
Jn 

2y f Ci 



2{b~by{W,rnY + ib-b)iW,r'n)" 



+ J WorHb - b)" [{£" ■ nt)" + 2w"' ■ n' + w" ■ n 



dS 



\Vor{9~9o)£' 



w"'dS - 2 



\r^'^\-\b-b^){n-fi) 



w 



W„\-^{^£'-^' + f^'-£')g-^~g-\b~b,)g' 
W,\-^g~\b~bo)(£'-v' + fi'-S 



'dS 



w"'dS 



W^r^~g-\b-boyg'{n-n) 



■ w"'dS 



(51,) ■ w""dS - {r, ai {Ctw^'!,) + (SF, {Ctw")") ■ 

As the estimate of Ki in Section 19. li the first two integrals (due to viscosity) 
on the right-hand side can be bounded by C||w||//2.5(o)||w||^3(s7), and by Young's 
inequahty, 



In ^ J 

< C,\\w\\]j2(n) +A\M\'H^n) ■ 
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Similar to the computation of estimating Di in page 48 of [5j, we find that 



r.amwn[',)\<C,t I ||n;||^3(o)+£||r| 



By (|10.2b l. (|10.2b ) and interpolation inequalities, 



ds + ellif II 



\{6F,{CW)")\+ J^{SL,)-w""dS 

By H^-^{T)-H-^-\T) or H°-"%r)-H-°-^{r) duality pairing, 

Wo\-'i9 - 5) [{V^''> ■ £')t + 4(^(^) • £")t + 6(r/" • + 4(r;" • £^^^) 

< C\\g - g\\H^--.(r) WwIIh-^-^f) + W^llH-^ ^r) 
and 

\{\r,x'y{£'-v'y + {Wo\-r{£'-v')\{v'-£'y:ds 



dS 



< C 



Standard Hoolder's inequality shows that 



Words' -v'ns'-ntds <c \\s'-v'\\W) + \\^\\h 



Similar to the estimates of K3, K4 and K5, by ((5?7)) . ([g?TU|) and ITO^, we find that 
the time integral of the remaining terms can be bounded by 



(Cd + e) / ||u;t|lHi(j2) + ||u;||H2.5(r) 
Jo 

Time integrating (jlO.f 2|) . we find that 



ds + Ce 



Wt\ 



fl-i-=(r) 



ds . 



Z{T) + / \\w"rm^,^,^)ds < iar + e) / Ww^^m^,,^ + |lu;|1^^..5(r) ds (lO.fS) 



+ C, / {Y{t) + Z{t))dt, 



where 



Z{T) = sup 

0<t<T 



,,"l|2 



?' „~'l|2 



\w- \\l2^n[) + \\£' ■ »7'll?/2(r) + \\£' ■ VWHHr) 



\\£" ■ "-ll?/2(r) 



Combining ()f O.lip and ()f 0.13p . choosing e > small enough and then T > small 
enough, we find that 



y(r) + Z(T)+ / \\wtrm^,,^ + \\w"rm^,y ^ ds < C (Y (t) + Z it))dt . 
Jo J Jo 

By the Gronwall inequality, Y and Z are identical to zero, which shows v = v, and 
hence the solution v e V^(T) to (12. 3p is imique. 
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